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We consider the asymptotic behaviour of the Chern-Simons Green's function of the v — l/4> sys- 
tem for an infinite area in position-time representation. We calculate explicitly the asymptotic form 
of the Green's function of the interaction free Chern-Simons system for small times. The calculated 
Green's function vanishes exponentially with the logarithm of the area. Furthermore, we discuss 
the form of the divergence for all r and also for the Coulomb interacting Chern-Simons system. 
We compare the asymptotics of the exact Chern-Simons Green's function with the asymptotics of 
the Green's function in the Hartree-Fock as well as the random- phase approximation (RPA). The 
asymptotics of the Hartree-Fock Green's function corresponds well with the exact Green's function. 
In the case of the RPA Green's function we do not get the correct asymptotics. At last, we calculate 
the self consistent Hartree-Fock Green's function. 

71.10.Pm, 73.43.-f, 71.27. +a 



I. INTRODUCTION 

The combination of an electronic interaction and a 
strong magnetic field in a two-dimensional electron sys- 
tem yields a rich variety of phases. These are best clas- 
sified by the filling factor v, which is the electron den- 
sity divided by the density of a completely filled Lan- 
dau level. In this paper, we consider systems with fill- 
ing fraction u = l/<f> where <p is an even positive num- 
ber. These system are most suitably described by the 
Chern-Simons theory. Since the discovery of the frac- 
tional quantum Hall effect by Tsui, Stormer and Gos- 
sard (1982)S there were many attempts to explain this 
experimental observation. The contemporary theoreti- 
cal picture x>f this effect is mainly based on a work of 
Jain (1989)0. In his theory he mapped the wave func- 
tions of the integer quantum Hall effect to wave func- 
tions of the fractional quantum Hall effect. In the case 
of filling fraction v = 1/2 every electron gets two mag- 
netic flux quantums through this mapping. With the 
help of this transformation new quasi-particles (compos- 
ite fcrmions) are obtained which do not see any magnetic 
field in first approximation (mean field). A field theoret- 
ical language for this scenario was first established by 
Halperin, Lee, Read (HLR) (1992)0, as well as Kalmeyer 
and Zhang (1992)a for the v — 1/2 system. The inter- 
pretation of many experiments supports this composite 
fcrmion picture. We mention transport experiments with 
quantum (anti-) dotsQ, and focusing experiments^ bore. 
An overview of further experiments can be found inQ. 

HLR studied many physical quantities within the 
random-phase approximation (RPA). Most prominent 
among these is the effective mass of the composite 
fermions- which they found to diverge at the Fermi 
surfaceEm. This is based on the interaction of the com- 
posite fermions via transversal gauge interactions. Later 
on, Shankar and Murthya proposed a new theory of 



the v = 1/2 system. Based upon a transformation of 
the Chern-Simons Hamiltonian one achieves a separa- 
tion of the magneto-plasmon oscillators from the total 
interaction of the system. After restricting the num- 
ber of the magneto-plasmon oscillators to the number of 
electrons Shankar and Murthy got a finite quasi-particle 
mass which scales with the inverse of the strength of the 
Coulomb repulsion. In their derivation they calculated a 
smaller number of self energy Feypman diagrams than in 
the RPA. Recently Stern et al£3 calculated the self en- 
ergy of the theory of Shankar and Murthy in RPA finding 
the same divergence of the effective mass as HLR. Besides 
the theories of HLR and Shankar and Murthy there are 
other alternative formulations of the Chern-Simons the- 
ory which looks similar to the Chern-Simons theory of 
Shankar and Murthytil. 

In this paper, we consider the asymptotic behaviour of 
the v = 1/ <p Chern-Simons Green's function for an infi- 
nite area A non-perturbationally_. It is well known that 
the Hartree-Fock approximatior£3 as well as the RPAEl 
of the Chern-Simons Green's function results in a log(A) 
singularity in the momentum-frequency representation 
(q, lj) of the self energy. This singularity is caused by 
the interaction of the composite fermions through a lon- 
gitudinal gauge field (in contrast to the effective mass). 
In almost all calculations of the effective mass of the 
composite fermions this singularity is not taken in to 
account although one can easily show that this log(A) 
singularity enforces the effective mass to be finite (the 
bare mass). Furthermore, this singularity of the self en- 
ergy is not only given on the fermi-surface but for all 
momenta (apart from the fermi-surface). The neglection 
of the log(A) singularity in the calculation of the effec- 
tive mass is justified by the physical argument that it 
must scale with the inverse of the Coulomb interactional. 
By neglecting this singularity one gets the correct scal- 
ing. This was the reason that till now almost all authors 



disregard the log(A) singularity and try to get rather a 
better physical insight into the effective mass-singularity 
caused by the transverse gauge interaction (113 and refer- 
ences therein) . From the point of view that the Chern- 
Simons theory is a many-body theory for which physical 
quantities are calculated by known perturbative methods 
(although no small parameter is present) this procedure 
is not satisfactory. On the way to integrate this singular- 
ity in a Chern-Simons perturbation theory or to formu- 
late a Chern-Simons theory without this Green's function 
divergence, we will investigate the log(A) singularity in 
this paper. The aim of our investigation is to get rather 
exact statements about this singularity and the relation 
of perturbative calculated Green's functions to the exact 
Green's-, function. 

HLREHiil gave in their paper a semi-classical reason for 
the log(A) singularity by showing that the Chern-Simons 
transformation effectively gives a velocity boost to every 
electron. This velocity boost results in a one particle 
energy which diverges proportional to log(A). Unfortu- 
nately, the derivation of HLR is based on semi-classical 
approximations. To our knowledge there are no pub- 
lications which show without approximations that the 
\og(A) singularity is really existent in the Green's func- 
tion or even how it looks like. In this paper, we will 
calculate the asymptotics of the Chern-Simons Green's 
function in the position-time (r, r) representation. The 
asymptotics will be computed concretely for the inter- 
action free v = \/<j> Chern-Simons system for all f and 
small r. We will show exactly that the Green's function 
vanishes for A — ► oo. Furthermore, we will discuss the 
form of the divergence for all r and also for the Coulomb 
interacting Chern-Simons system. It is clear that pertur- 
bational calculations of physical quantities such as the 
energy should start with Green's and vertex functions 
which are in rather good agreement with the exact func- 
tions. To obtain a good approximation of the Chern- 
Simons Green's function, we will calculate it in two differ- 
ent approximations. First, we will calculate the Hartree- 
Fock Green's function. We will show that the asymptotic 
behaviour of this Green's function is in good agreement 
with the asymptotic behaviour of the exact Green's func- 
tion. Then we will calculate the Chern-Simons Green's 
function in RPA. We will show that this Green's function 
is finite for A — > oo (modulo logarithmic singularities), 
which is not in agreement with the exact Green's func- 
tion. On the way to formulate a perturbation theory 
around the Hartree-Fock mean field, we will examine at 
last the self consistent Hartree-Fock Green's function. 

In the following derivation of the Chern-Simons 
Green's function, we will keep the formulas as general as 
possible. This will be done to simplify the extension of 
the concrete calculation of the asymptotics of the Green's 
function G(r, r) also for large r in a later publication. In 
this publication, we restrict our calculation of the Green's 
function to the range of small r because this r range 
is most relevant for a calculation of physical quantities 
(the Green's function decreases by physical arguments 



for larger r). Furthermore, we restrict our calculations 
to the case temperature T = 0. 

The paper is organized as follows: 
In section II, we will calculate the asymptotic behaviour 
of the Chern-Simons Green's function G(r,T). In section 
III, we will calculate the self consistent Chern-Simons 
Green's function in Hartree-Fock approximation as well 
as in RPA and compare these approximations with the 
exact Chern-Simons Green's function calculated in sec- 
tion II. 



II. THE ASYMPTOTIC BEHAVIOUR OF THE 
CHERN-SIMONS GREEN'S FUNCTION 

In this paper we consider interacting spin polarized 
electrons moving in two dimensions in a strong mag- 
netic field B directed in the negative z-direction of the 
system. The electronic density of the system is chosen 
such that the lowest Landau level of a non-interacting 
system is filled to a fraction v = l/<fi where </> is an 
even number. We are mainly interested in <f) = 2. The 
composite fermion annihilation operator \&(r) is defined 
from the electronic annihilation operator \E f e (r') through 
the Chern-Simons transformationE£l (a(r) is the angle be- 
tween the x-axes and the position r) 



*(r) 



—i<fifd r' a(r- 



-r')i& + (r')ty(r') 



*e(r) (1) 



The Hamiltonian of the composite fermions is then given 
by: 



H cs = I d 2 r 



-^K-zV + l+acs^r)! 2 (2) 

2m ' ' 



+ \ /dV{(|*(r)| 2 - Pb)V{\? - ?'\){\W T - Pb)} 



The Chern-Simons vector potential acs is defined by 
3cs{f) = (j> f d?r' f(r — r')'$> + (r ')"$>(?'). m is the mass 
of an electron. V ee (r) — e 2 /r is the Coulomb interaction 
where e 2 = q 2 /e. q e is the charge of the electrons and 
e is the dielectric constant of the background field pb- 
A(r) is the vector potential A = 1/2 B x r and B is a 
homogeneous magnetic field in the negative z-direction 
B = —Be z , where e z is the unit vector in z-direction. 
We suppose throughout this paper that B is a positive 
number. The function /(r) is given by /(f) — e z x f/r 2 . 
We used the convention h = 1 and c = 1 in the above 
formula (@). Furthermore, we set q e — 1 for the coupling 
of the magnetic potential to the electrons. The Green's 
function of the Chern-Simons theory is defined as 



G(f,t- 1 f',t') = {T^(r,t)^ + (r',t')}) 



cs 



(3) 



(■}cs is the average over the Gibb's operator of Hcs- 
T is the time ordering operator. Applying the inverse 
of the Chern-Simons transformation (pi) to the operator 
Hcs, we get the electronic Hamiltonian H e . H e is given 



by Hqs @ by the substitutions acs — 0, \& — ► ^e and 
*+ -> *+. 

As mentioned in the introduction, we will at first cal- 
culate the N particle Green's function for V ee = 0. Under 
this restriction the ground state of H e is degenerate. The 
ground state wave functions are given by 



E 



.4 



«o,p = £[% 



(4) 



5 1 is the Slater determinant of the one particle wave func- 
are the one particle wave functions 



tions u r , 



Tw- 



in the lowest Landau level in the symmetric gauge 



u p (r,<p) = 



1 



2P+ 1 p\ TV 



(5) 



In equation (0) , we have p e . . . <pN (for finite A) . Fur- 
ther, we use the simplifications B = 1, m = 1. This will 
be done throughout this section in the auxiliary equa- 
tions. For equations which have the character of a result, 
we will insert the B and m dependencies explicitly. In the 
following, we have to calculate the expectation values of 
certain differential-position operators with respect to the 
ground state wave functions. Since the norm of u p is one 
we obtain for the expectation value of every differential 
operator of first order with respect to u p a multiplicative 
factor ^fp in the result. We get the same multiplicative 
factor yfp for every position operator in the differential- 
position operator. Thus, we can easily read off the lead- 
ing p dependence of the average of a differential-position 
operator with respect to a lowest Landau level wave func- 



u 0j £(fi,..,r/v)<V(r/v+i) 

/JV+l 

exp — i(f> 2, a (^i ~ r) — a i^i ~ ? 
1 ex.p[-(t-f)(H N+1 +H N+1 )] 

u %(?!,. .,r N )Sp>(rN+i) 



The Hamilton operators Hn+i, Hn+i are given by 

N 

JVjv+i + A(r N +i) + ^>^f(r N +i - f») 



Hn+i — 



N 

Hn+i = ]T - H^ 4 + ^ + $f( 



n - r N+1/ 



(7) 



Here (3 = l/(fcgT) where kg is the Boltzmann constant. 
Z is the partition function of the Hamiltonian H e . A 
is the antisymmetrization operator. v 1 /i are the ground 

states of the v = 1/0 system. We split Hn+i + Hn+i in 
its components Hn+i + Hn+i = H + Hi + H 2 + H 3 + 
i/4,1 + H^2 by 



!->■ 



with respect to a lowest Landau level wave tunc- N -. 

Similarly, one can calculate the result of the Hq,i = V^ — — iVi + A(fi) 



tion U 

average of a differential-position operator over the many 

particle ground state wave function Uo,p- 

In order to calculate the asymptotic behaviour of the 
Green's function (Q), we have organized this section as 
follows: In subsection A, we will calculate the asymp- 
totics of the Green's function G(r, r) for r = and r > 0. 
In subsection B we will extend the calculation to f^ 0. 
In subsection C, we take the average of the asymptotic ex- 
pressions of subsections A, B with respect to the ground 
states of filling fraction v = 1/0. The asymptotics of 
the Green's function G(r, r) for r < will be calcu- 
lated in subsection D. In subsection E, we consider the 
Chern-Simons Green's function by taking into account 
the Coulomb interaction between the electrons. 



A. The calculation of the asymptotic behaviour of 
the Chern-Simons Green's function G(0, t)t->o 

In this subsection, we calculate the asymptotics of the 
Chern-Simons Green's function G(0, r) T >o for r > 0. In 
the following, we apply the inverse of the Chern-Simons 
transformation to the expression (ph. The result will be 
represented in the one particle basis. We get 



(8) 

(9) 

(10) 



#0,2 = 2 [-iVw+i + A(r N+ i) 

N 

H^Y.^M-fN+i) 2 , 

i=l 

1 N 

H 2 = - J2 <?f(?i - ?n+i)M - HV+l), (11) 

N 

H 3 = }^A(fj)4>f(fj - fjv+i) - A{r N +i)(j)f{fi - fjv+i) 

8=1 

= -N- , (12) 

2 

Ha,i = y2,4>f{n -TN+l)-r, 

i=l 

N Vw 1 

Hi,2 = - y~] 4>f(n - r N +i) ; — 



(13) 
(14) 



G(r,t;r',t') = 



,((t-t')-0)(z-M)N 



(6) 



In (|12j) , we inserted the vector potential A in the symmet- 
ric gauge A(r) = | (J* _) . Since we have the translation 
invarianceO of the Chern-Simons Green's function at the 
filling fraction v = 1/0 it is possible to fix r = 0. To 



calculate the asymptotic behaviour of the Chern-Simons 
Green's function, we use the cumulant theorem 



(z A ) 



D <A> c +i<A 2 > c +A<A 3 > c + . 



(15) 



The 'connected' expectation values are defined by (A) c — 
(A) , (A 2 ) c = ((A- (A)) 2 ) , (A 3 ) c = ((A~ (A)) 3 ) ,... 

We now split the Chern-Simons Green's functions in 
two parts G{r 7 t,f',t') = G l (r, t, r ', if) + G 2 {r, t,r',t'). 
G 1 (f, t, f', if) is the relevant term for r—>r' and has the 
form h(t-t',V r ,) exp[-(t~ t')l/2[-iV r ,+ A(r')] 2 ]S(r- 
?'). h(t — t', V,') is a power series in the derivations in r' 
with prefactors in {t — t'). G 2 (f, t, f ', t') is a regular func- 
tion (not of a distributional form). In the following, we 
will only calculate the constant coefficient of the power 
series h in V r > . We will see in subsection D that G con- 
sists only on G 2 for the time ordering t—t' < 0. Since the 
ground state energy can be-,calculated from the Green's 
function with this orderingcJ, we are especially interested 
in that case. A second reason for calculating only the 
constant coefficient of the power series h(t — t',V r ') is 
that we are primary interested in a comparison of an ap- 
proximative Green's function (see section III) with the 
exact Green's function for small \t — t'\. In a perturba- 
tional calculation of physical quantities one commonly 
has to calculate integrals of a function of Green's func- 
tions. The main contribution of the Green's functions 
to these integrals is given for small \t — if\ (the Green's 
function tends to zero for large \t — t'\). Thus the ap- 
proximated Green's function should be rather exact in 
this range. We will see at the end of this subsection that 
the higher order powers of h in V r ' contribute only on 
order 0(\t-t'\ 2 ). 

In this subsection, we will calculate G 1 (r,t,r' ,£'). 
With the the help of a binomial expansion of the prod- 
ucts as well as the form of the normalized lowest Landau 
level wave functions (g), we get 



{u p \ 



2f(r 



V r 



-l + 2/(f)- 



(16) 



2f(r) — 
I 



5 m ,oS n ,0 dn',0 



1 l 
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r - 
r 


J 





■lp) 



&m.2 ~7^n,0 ^n',0 



+5 m ,l \ yfin',0 $n,l + $n',l <5n,0 + 7J ^n,0 <5»i\0 



+ ^m,0i #n',2 4<5„,0 + <5 n ',l (26 n ,l + {21 + l)S n fi) 



+ S n ',0 <5n,2 + ISnA + 



(I 2 -I) 



3n,0 



p 2 



tation values (|l5|) in an easy way. For calculating the 
average values in (|6|) we consider in the following only 
terms behaving like ^ 1/p (this sum diverges for A — » 
oo). Terms of the form ^ 0(1/ p 2 ) are convergent. At 
first, we neglect Hq in -Hat+i + H^+i- So we have 
to calculate the connected average values of the form 
(K-ffi + H 2 + H 3 + #4,1 + H A , 2 ) n \) c . By neglecting fi- 
nite terms of the form ^O^/p 2 ) we get with the help 
of equation (Um the following diverging terms: 



1-rr 



E - 



(17) 



o,fe i z i o : fc/ c ^ < — , p 

u p ,«p-l-l£u jj 

u o,fel#il u ca) c = ^E - ' 

«p£« 0j g 

«o,£ 1^3 + H^r\u j:) c = 6 n , 2 -J> 2 £ ~ 

U P^ U 0,k 



We see from the first term of this equation that we have 
also summations over nearest neighbour p. Now we take 
into account the operator Hq in the calculation of the 
connected average values. For doing this, we will use the 
Campbell-Hausdorff formula 



„C 



e B -e A 



with 



B = (C-A) + ~{A,C] + ±[C + A,[A,C}} 
-i[4,[C,[i,C]]]+0([,[,[,[, 



(18) 



(19) 



We now fix C = — (Hn + i + Hn+i)t and A = —Hqt in 
equation fll8|) . With the help of the Campbell-Hausdorff 
formula (|18|) and the cumulant theorem (|15j) one can dis- 
cuss the connected average values in B. This results in a 
power series in r = (t — t'). We will show later on in this 
subsection that this power series will not terminate. Be- 
cause of the enormous effort of calculation, we will limit 
ourselve to the concrete calculation of the coefficients up 
to the order t 3 . It will be the aim of a later publication 
to make predictions of these coefficients for higher pow- 
ers of r and further on the behaviour of this power series 
for large r. 

The relevant cumulant expectation values for calculat- 
ing the coefficients up to the order r 3 are shown in ap- 
pendix A. With the help of these cumulant expectation 
values and the Campbell-Hausdorff formula (|l|) , we get 
for the asymptotics of the Green's function for r > 0: 

gv> )t>0 =5>pW e li-r+r 2 



This relation is useful for getting the cumulant expec- 



-IT 3 + ^ 



o\ — 



(20) 



£ ;(r-^ B+0 < T4 ») +0 (? 



" P ,fp+i6«o,fc 



1 



E i 



x exp 



1 r 



-i\7 r + A(f) 



8(f) 



We see from equation (ISO) that the cumulant expectation 
values up to the order t"^ behave like y u eu „ 0(l/p) + 



J2u u eu - 0(l/p). In the following, we will show that 
equation (EG) is correct for all orders of r. For doing this, 
we consider the operator Hq± in polar coordinates: 



#0,1 = 



N 1 

£7 



d r 

Ti 



di 



^ d i + id ^ 



(21) 



The expectation value of the commutator of the operator 
(l/ri)d n with the last three summands of (|2l|) results 
in the first factor on the left hand side in fll6|). Fur- 
thermore, one sees that the second term of the prod- 
uct in ( |lq) corresponds to (H3 + i/4,1). Thus, we 
get from (HO) and the form of Hq\ that by neglecting 
Hq2 and H42 m -Hjv+i + -ffjv+i the cumulant expecta- 
tion values of the Campbell-Hausdorff terms behave like 
T c 0(l/p)+y c 0(1 1 p). In the follow- 

i ng, we consider the cumulant expectation values of B 
( |l9| ) containing at least one of the terms Ho, 2, #4,2- It is 
clear by having more than two terms #4,2 in the cumu- 
lant expectation value, we get as a result a convergent 
sum y 0(l/p 2 ). The number of operators -ffo,2 is arbi- 
trary. Thus, we can limit our consideration to one or two 
operators H42 in the cumulant expectation value. Be- 
cause of the simple structure of -Hjv+i + Hn+i we get as 
a result of the cumulant expectation value a term of the 
form y c foi/p + 0(l/p 2 )) + y c (a 2 /p + 

0(l/p 2 )). Here 01, 02 are real coefficients. Summariz- 
ing, we see that the exponent of the Green's functions 
G 1 (0,r) T>0 behaves like ©. 



B. The asymptotic behaviour of the Chern-Simons 
Green's function G(r, t) t> o for r 7^ 

In this subsection, we calculate G(f, r) T>0 for r > 
and f^O. Because of the additional phase factor, we get 
from equation (o) that the calculation of the asymptotic 
behaviour of the Green's function for f ^ is substan- 
tially more difficult than for r — Q. To handle this phase 
factor we define 



exp [M[N'\] := exp 



N' 



} j a(n - r') - a(n - r) 



exp 



N' 



H ^f(n-r')-(7 



(22) 



+ (m - f") • e x ) (e y ■ f(n - r ')) 

x (((?_ f') • e,) 2 - (e v ■ (r- r')f)+0 (|^ja)) 

with < N' < N. e x and e y , respectively, are unit vec- 
tors in the x- and y-direction, respectively. When calcu- 
lating the Green's function (|6|), we get one term which 
is proportional to S(f—r'). This term was calculated in 
the last subsection. Additionally, we get 



G 2 (f,tf',t') = -- 



D ((t-i')-/3)(!-^)iV 



z 



(23) 



x 



E E (VbKslle 



D M[N-l\-(t-t')H 2 



IVkKz] 



'V* ' 



X 



X 






with 



JV— 1 



Ho = 



E \ [-&« + An) + Uifi - r 1 ) 

i=l 

V p [u Q g] is defined by 

N 

V r p[«o,iS]=«o,S>E(- 1 ) <+1 ^- 



(24) 



(25) 



k' € R N 1 is up to the entry which contains p given by 
the vector k. In the following, we will transform (E3) 
such that we can use the results of the last subsection. 
For doing this, we define the following operators: 



0- 



7 



(.-** 



-iV r ,+A(r')-(f>f(r'-r)] 2 



N 



J2pf-r](^)s(n-' 



i=l 



P[f'-f] (f) := 1 + (f ' - f) • V; + 



H m (i,t):=H 



N+l 



-o. 



-M[7V] 



(26) 
(27) 



The operator P[f'—f] (r-j) is a translation operator which 
yields by applying it to a function f(f) the translated 
function f(f + f ' — r). Let us suppose that R is a 
power expansion of the operators (9 7 , M[AT] and further 
on other operators. Then we define the normal ordering 
of the operator : R : such that all operators 1 are at 
the left of the monomials and the following operators are 
the M[N]. With the help of the function 



F m [i,t] := exp 
1 



T{\:H M (rf,T):\) c 



(28) 



+ ^r 2 <|:H m (7,t) 2 :|) c + 



we get 



G\r,t;?',t') = - 



p (t-t'-/3)(i- Ai )AT 



E e- 



x-F M [ 7 ,i-t'] 



■20 0(7^—7^') 



(29) 



7=0 



The derivation with respect to 7 of -Fm[7j t — t'] at 7 = 
is given by 



^FMb,T] 



7=0 = Fm[0,t]^ 



(30) 



-r<|:HM(7,r):|) c +ir 2 <| :j ffM(7,r) 2 :|) c + ..) 
We now split iJ/v+i ( P7| ) in its components 



7=0 



H 



N+l : 



Ell 



-zVi+A(n 



iV 



'~\2 



iV 



^ V * 



-ATl+^^rl-r-")^ 



(31) 



G <7, r ) = E exp 

Bp,u p+ i£« J 



E (^/L(r,r))J+o(^) 



P \P 



1 



E 1 

«0,S ei/ l/2 



(33) 



/1 (r, r) and ji (r, r) are real functions of (r, t) . 
In the following, we will show that the asymptotic be- 
haviour of the result is given by 

G(f, t) = exp [-2 (#i(r, r) + / a (r, r)) log(c) + 0(1) 

(34) 

Here c is proportional to 1/y/A. So we get log(c) = 
— I log(-/V) + O(l). With the help of the expression 

E[u qX ] = (35) 

E (4> 2 fi(r,T))(---L(\og(N)+C))+o(± 

+ E (^M) Q - ^m + c)) +0 (1 



As in the last subsection, we use the Campbell-Hausdorff 
formula ( |l8| ) to isolate i?o,i from H^+i and l/2[— iV r ' + 
A(r ')] 2 from l/2[-iV r , + ^(f ') _ 0/(f _ f)]2. We now 
set r ' = 0. Then we can use the commutator analysis of 
appendix A and the results of the last subsection. First, 
we get that the second term of the product in (|o|) does 
not contain any terms of the form E Vp (under the con- 
sideration that the l-th derivative of u v (r') with respect 
to r' is at the position r ' = zero for all p > I). The 
first term in the product (pfl) is given by 



G 2 (r» T>0 = 



(32) 



E-p[^ 2 { E \{-V-\^V-hc 



0,k^ l/ l/2 



u p Gu Qjk 



+0(r i ))+o(- 



V' 



> --r 2 +o 



Mp,Mp+lGU ,fc 



P 



We see from G 2 (f, r) r >o that the X] 1/p coefficients of 
the higher order r terms (t > 3) have no r dependence. 
Furthermore, one gets from the form of H jy+i and the 
relation ( |l6| ) that the higher order r terms have not to 
be zero. 



C. Averaging of the Green's function with respect to 
the ground states 

From the equations (EG) and (p3), we have to calculate 
an expression of the following form 



the asymptotics (B4[) is correct if we show that the fol- 
lowing expression K is finite for A — > 00: 



K 



E ex p 



E 



"o,k c "i/« 



Ei 



(36) 



^N 



C is the Euler number which is defined by E c =i Vp = 
log(JV) +C + 0(1/ N). We will determine K by the calcu- 
lation of the moments M n of the operator exp[I?(M g)]. 
The moments are defined by M n — E u ~ev (E\u n id)™ ' 
1/(V _ 1). From this definition we obtain Mn = 1. 
For calculating Mi , we use the following transformation 



1 ^ y^ 1 __ 1 A 1 /JV-1 

~T~1 ^ ^ p~ £ 1^ P If -1 

«„ ret, ,, VS e «V' UpSfo.s Un £ P=l 



' f log(N)+C + o(± 



(37) 



1 y^ y^ 1 __ 1 y> l 



I (N-2 

H-2 



1 



i2V log(iV) + C + ViV 



Thus, we get that Mi is finite. 



(38) 



For calculating the higher moments, we will show at first 
that j4(Mi+m 2 ) i s finite. A( Mi +m 2 ) 1S defined by 



.4 



(M 1 +M 2 ) 



Mi 



= lim > 



M o,e e!/ i/* 



m 2 

J. 1 2_^ t,™' 



(39) 



i' — l UpGlLf. r 



ni E(;-io^) +C ))^- 



2=1 \UpGw n c 



E i 



We are interested in A(Mi+M 3 ) for the values n» > 1, 
mj' > 2, 7n j > 2 or rrii = 0. To show the finiteness of 



1 (Mi+M 2 ) 



we carry out a pro of by induction. 



Because of the equations (p7|) , (B8|) and the finiteness of 
V„, c „, c „ 1/p™ for 7i > 2 we get that ^4i is finite. For 

J > 1 we can split Aj in the following two terms: 



Mi 

n 



lim > 

U 0,E £l/ l/2 

1 1 



M 2 
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Pi' 



(40) 
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D. The asymptotic behaviour of the Chern-Simons 
Green's function G(r, t)t-<o 

In this subsection, we calculate the Chern-Simons 
Green's function G(f, t) t< q for r < 0. At first, we define 
a wave function originating from a v = 1/0 wave func- 
tion in which a particle at position r is annihilated. This 
wave function is given by 



\%\Tu-TN-i;r) 



E / d?i u 'o.k ( fl ' "^ 5 ^ 1 ~ ^ 

(44) 



(in the definition of equation (|44|) we implicitly carried 
out a renaming of the indices). Similar to our calculation 
in subsection A we get for t — t' < from the definition 



By pi y^ pit we mean that all pi, pi> are different. Due 
to the induction assumption, we only have to discuss the 
first term Aj t \ in Aj. With the help of the induction 
assumption we get for Aji as in the calculation of M\ 



A/,i 



( f > \M 1 \ + \M 2 



Mi M 2 N 

nn e 

i— 1 i' — l pi ,p i / —1 _ 



l 



Pv* 



(41) 



1 1 \ n ' / 1 

-- logiV+C — 

Pi N<t> J \Pi 



finite . 



From this we see that Aj t ± is finite. Thus, we get the 
finiteness of A(Mi+m 2 ) f° r N — > oo. 

Summarizing, we obtain the finiteness of M n for every 
77 if /2(r, r) = 0. It is easy to generalize the consid- 
erations above to the case of /2(r, r) 7^ 0. Thus the 
Chern-Simons Green's function G(r, t)t>q has the form 
of equation @. With the help of @ and © wc 
get for the asymptotic behaviour of the Green's function 
G(r,T) T>0 = G 1 (F,r) T>0 + G 2 (f,r) T>a 



G 1 {r,T) T>Q ~ exp 
1 ( B 



201og(cW 



1 \ B 



r (42) 



1 
2m 



8 V"7 
x exp 

and 

G 2 (f, t) t>q ~ exp 



i + iV-r) +0(r 4 ) 
48 T 480/ W ' 



«V r + A(r) 



201og(c)^ 



S(r) 



1 1\B , , , 
- - -^ -r 2 43 

4 40/ m 



G(F,i;f',t') 



,((t'-t)-/3)(§-,u)JV 



(45) 



/JV-l 

E a (^ ~ ^ 



exp 



xexp[-(r/ -t)H N ] 
with the Hamilton operator 

JV-l 



u'o,k(ri,~,r N -i;r')\ 



H 



N 



4=1 



Wi + A(f-) + 0/(f--f") 



(46) 



As in the last subsections, we split H n in its components 



JV-l 



H 



N : 






-zVi+A(fi) 



JV-l 



'E^/>l-r') 2 



! = 1 



JV-l 



+ _(JV-l)| + ^0/(fi 

V i=i 



„,Vi 



(47) 



Now we can use the commutator analysis of appendix 
A and the results of the last subsections to get for the 
Chern-Simons Green's function G(f, t) t< q 



G(f,T) T<Q ~ exp 



201og(c) 



1 1 \ B 



-r 2 (48) 



■\l T+ \{i T ) + 2i&) 3+o H 



By takingthe limit A — > oo we get from the equa- 
tions (fi|), (J43|) and (H|) that the Chern-Simons Green's 
function G(r,r) vanishes exponentially for r > as well 
as for t < 0. This is illustrated in figure [l] where we 
show the function log(G)/(— 41og(c)) for the v = 1/2 
system. G is either the first factor in ((42[) for f = or 
G = G(0, |r|)? >0 = G(0, |r|) T <o ©, ®7 




FIG. 1. log(G)/(-41og(c)) for the v = 1/2 system where 
G is either the first factor in (W2I) for f = (dashed line), or 
G = G 2 (0, |t|) t>0 = G(0, |r|) T<0 (solid line). 

The vanishing of the Green's function can be explained 
by the boundedness of the Green's function (easily ob- 
tained from the definition (0)). It is an interesting ques- 
tion if the log(c) behaviour is also true when considering 
also higher r terms in the concrete calculation of the 
Green's function. Since the number of summands of the 
Campbell-Hausdorff formula grows very fast for large r 
we think there is no easy answer to this question. As 
mentioned above, we are primary interested in this paper 
in the Green's function for small r. So instead of con- 
sidering further this question, we investigate the asymp- 
totics of the Chern-Simons Green's function taking into 
consideration the Coulomb interaction. 



E. The asymptotics of the Green's function taking 
into consideration the Coulomb interaction 

In the case of the Chern-Simons theory taking into 
consideration the Coulomb interaction the ground state 
Mo consists of a superposition of slater determinants 
which consists of Landau wave functions of the lowest 
as well as of higher Landau levels. In the following, 
we make the approximation that we consider in uq only 
that part which consists of wave functions in the lowest 
Landau level. This restriction on the wave function is 
a standard approximation to calculate for example the 
ground state ewsrgy or the effective mass of the com- 
posite fermionst£l. The ground state wave function is 



given by u = £\?, 



;>tl 



Cp O [Up 1 , Up 2 , ... 



cp underlie the restriction Y]p, 



pSN™ l c »l 



The coefficients 
= 1. This is a 
result of the normalization of uo- To get insight into 
the Chern-Simons Green's function taking into account 
the Coulomb interaction, we can transform the Green's 



function similar to (O) and (Eq) with an additional sum 
over the slater determinants of uq. With the help of 
the Campbell-Hausdorff formula we separate similarly 
to the last subsections the Hamilton operator Hq from 
the rest of the operators in H^+i + JTjv+Ij Hn+i otHn 
(Hq also consists of the Coulomb part of the Hamilton 
operator). Suppose at first the restriction that the two 
Slater determinants which are the ingredients of the av- 
erage values in (0) and ( ffq ) are not in agreement in 
their Landau wave functions u Pi for i = l,..,Nc with 
Nc < N. Furthermore, suppose that N — Nc is finite 
for A — + oo. Then, we get that the average value of e B 
(O) with respect to these two Slater determinants be- 
haves as < rii=i at, I/? 5 / ~ e ~ l / ANc (the Coulomb 
operator in a scalar product between two Slater deter- 
minants of Landau wave functions u Pj j = 1, .., 4 scales 

like ~ Min[i/l/ft]' Here Min[-] is the minimum of its 
argument). Since Nc oc A for A —* oo, we see that the 
average value with respect to the two Slater determinants 
vanishes exponentially for A — > oo. 

In the following, we consider the case of no re- 
strictions on the variables N, Nc- Then we get 
from the equations (|l5|), (B3ft that the asymptotic 
form of the summands of the Green's function be- 
haves as < e ^/ 4Nc ■ e -/(nr,JV,e 2 ) io g (N-N c ) f ^ Tj ^ ^ 

is given by /(r,r,iV,e 2 ) = f(r,T)(%2 j=1 „ N (l/pj) - 
Si=i..A' c ( 1 /-P0)/ lo g(^ v - N c) (we neglect the nearest 
neighbour sum in (p3[)). Furthermore, we have < 
lim W - + oo/(r',T,A r ,e 2 ) < f(r,r) (limjv^oo f(r, t, N, e 2 ) 
has not to be convergent). Thus, we get that the max- 
imum of the summands of the Green's function is given 
by equal Slater determinants of which the average val- 
ues (km) and (Ea) are built. Summarizing, we get also 
in the case of the Chern-Simons theory taking into ac- 
count the Coulomb interaction the asymptotics (E^) , ( |4^ ) 
and (|4q ) of the Green's function, whereby we have to re- 
place log(c) by V(e 2 , c) log(c) in these formulas. V(e 2 ,c) 
is a function of the Coulomb coupling constant e 2 with 
< lim c ^ ^(e 2 ,c) < </> and lim c ^ o ^(0,c) = 1. In 
principle V(e 2 , c) may have the limit lim c _>o V(e 2 , c) = 
for some e 2 . Then we get that the Green's function 
does not vanish exponentially for A — * oo. Moreover 
lim c ^o V(e 2 , c) does not have to be continuous at e 2 = 
for temperature T = 0. By considering the Green's 
function for T > (and limit the Hilbert space to the 
lowest Landau level) we get for the asymptotics of the 
Green's function the equations fl42|), ( ff3| ) and ( |4q ) with 
the replacement log(c) by V(e 2 , c) log(c) where V(e 2 ,c) 
is a function of the temperature. For T > the limit 
lim c ^o V(e 2 ,c) has to be continuous at e 2 = with 
lim e 2^ hm c _»o V(e 2 , c) = 1. Thus also in the case of 
the Chern-Simons theory taking into consideration the 
Coulomb interaction, we obtain an asymptotic behaviour 
of the Green's function which vanishes for A — > oo . 

We should remark a consequence of the asymp- 
totic behaviour of the Green's function. By insert- 
ing between the creation and the annihilation op- 



erator in (g) a complete set of eigen functions of 
the Hamiltonian Hcs, we get that the overlap be- 
tween the wave functions A[uo(fi, .-,?n)i$(?n+i ~ r)] 
or J2i=i I dfiiLo(fi, .., rjsr)S(ri — r), respectively, and the 
eigen functions of the Hamilton operator Hqs with N+l 
or TV — 1 particles, respectively, vanishes for A — > oo. 



III. THE GREEN'S FUNCTIONS IN THE 

HARTREE-FOCK APPROXIMATION AS WELL 
AS IN THE RPA 

When calculating physical quantities perturbatively 
the mean field Green's function of the perturbation the- 
ory should have a similar form as the exact Green's func- 
tion. In the following, we compare the asymptotic be- 
haviour of the Green's function in the Hartree-Fock ap- 
proximation as well as in the RPA with the exact Green's 
function to make a step towards to this perturbation the- 
ory . We will show that in contrast to the RPA Green's 
function the Hartree-Fock Green's function has a simi- 
lar asymptotic behaviour as the exact Green's function. 
Because in a perturbation theory with auxiliary fields, 
one usually takes as a starting point a Green's functionta 
which is determined self consistently, we will calculate the 
self consistent Hartree-Fock Green's function and com- 
pare the calculated density of this Green's function with 
the exact particle density. Since the Chern-Simons inter- 
action is the reason for the asymptotic vanishing form of 
the Chern-Simons Green's for A — > oo, we neglect at first 
the Coulomb interaction. 

It is easy to calculate the Hartree-Fock approximation 
of the Green's function of the Chern-Simons Hamiltonian 
(0) for A — > oo. One gets 



£ HF (g,M = 



A2 J.2 



4 m 



log(4c 2 ) 



(49) 



log \2J(k F + q 2 



- 4q 2 k 2 F + 2k 2 F + 2(c 2 - q 2 ) 



2 1,2 



4m \kp J 

As in the last section c is an impulse cut off in the infrared 
region. To get E HF (q, kp) we calculated all Hartree- 
Fock Feynman diagrams by inserting the interaction free 
Green's function G(q,ui) = —l/(iw — q 2 /(2m) + fj,). For 
this Green's function the fermi momentum kp is given 
by kp — y / 2mfj,. By pairing the outer creation and an- 
nihilation operator in (0) we get an effective two particle 
operator which scales in the momentum like ~ 1/q 2 - The 
first summand in (pi) represents the exchange diagram 
of this vertex. The rest of the diagrams which diverge 
for c — > are given by the second summand. This term 
is given by a diagram of the Hartree form. The last 
term E^ is finite for c — > . The Hartree-Fock-Green's 
function was also calculated by Sitko and Jacakta before. 



Carrying out the limit c — > in ( [49] ) we get 
£ HF (g,M = 



■ V k% 



4> 2 H 



Z f (k F ,k F ) 






+ E* (q, kp) q < kp 

+ Tj f (q,k F ) q> kp 

q = kp. 

(50) 



Thus, we see that E HF is finite on the Fermi surface (q = 
kp). This is accomplished by the changing of the sign of 
the log(c) singularity on the Fermi surface. We now cal- 
culate the Fourier (time) transform of the Hartree-Fock 
Green's function (the Green's function which includes the 
Hartree-Fock self energy E HF ). In the leading c order, we 
get for this Green's function 



2tt 



dujG HF {q,Lu)e- luJT (51) 

r n F (q) 0(-r) 

+ e [ -(^-' i ) + ^^ log(c/fej?)lT (l-n F (g))0(T). 

Here np(q) is the fermi factor np(q) = 
l/(exp[/3(q 2 /(2m) — /i)] + 1). When carrying out the 
Fourier transformation with respect to q and comparing 
the result with the asymptotics (^), (43) and ( El ) of the 
exact Chern-Simons Green's function we obtain that the 
two asymptotics are in accordance for small r and r = 0. 
Furthermore, we see that the prefactor of the log(c/fcir) 
term in G aF (q,uj) is equal to the exact Green's function. 
Next, we calculate the Chern-Simons Green's iunction 
in RPA. For doing this we use the path integral inliZl which 
includes the bosonic Chern-Simons fields. This path in- 
tegral correspondence to the path integral of HLRcJ up 
to one additive term in the action. This additive term 
is necessary to reproduce the correct ordering of the 
operatorsllll in the Chern-Simons Hamiltonian (H). InliZl, 
we calculated the grand canonical potential f2 RPA from 
this path integral in RPA. In the following, we will cal- 
culate the RPA self energy through E RPA = 5tt RPA /(5G). 
After some calculation, £ RPA is given in the leading c 
order by 



E RPA (<?,c 
log 



(52) 



2 ^nJ± 



\kp 



h + v 



sgn 



2m " 



. h - ^ - v 



Here, u> c is given by B/m. sgn[-] is the sign of the ar- 
gument. We see from this self energy formula that the 
prefactor of the log(c) term gets a non trivial frequency 
dependence. We should mention that the asymptotic be- 
haviour (|5^) of the RPA self energy is also correct in 
the case of taking into account the Coulomb interaction 
between the electrons. 

As in the case of the Hartree-Fock self energy, we will 
calculate in the following the Fourier time transformation 



of E RPA . For doing this, we have to solve the equation 

2 

iuj — -2— + jU — S RPA = 0, Trepresenting a quadratic 
equation in the frequencies. The two frequency solutions 
correspond to two additive terms of the Fourier transform 
of £ RPA _ One of the solutions of this quadratic equation 
is given by iu> — (2np(q) — 1) <p 2 filog(c/kp). This so- 
lution corresponds to a term in the Fourier transformed 
RPA Green's function which has the correct asymptotics 
of the exact Green's function for c — ► 0. The other solu- 
tion is finite for c — > 0. Thus the corresponding additive 
term in the RPA Green's function is finite for c — > 
(modulo logarithmis singularities). Summarizing, the 
RPA Green's function has not the asymptotic behaviour 
of the exact Chern-Simons Green's function for A — ► oo. 

So far, we did not take into account the self consis- 
tence of the approximation of the Green's function. Usu- 
ally one has to use a self consistent approximation—pf 
the Green's function in a perturbation theory (e.g.Ea). 
Thus, we will calculate in the following the self consis- 
tent Hartree-Fock Green's function in the leading c order. 
The self consistent Hartree-Fock self energy in the lead- 
ing c order is a solution of the following equation 



<h 2 k 2 

(<?) = -j 

4 m 



We employed in ( J56J ) the mathematic notation for the or- 
dering of the derivation and insertion of the arguments 
of the functions. This means for equation (|56|) that we 
have to partially derivate at first the function C/ HF (/z, B) 
depending on the variables (/i, B). Afterwards we have to 
insert the expressions given in the function brackets. B 
is the external magnetic field. Th£, p^rtree-Fock energy 
of the v = !/(/) system is given by 



» r 



W^imiil-^f + ^pi?. (57) 



Since we calculate U HF (u 1 B) in (B71) for B = cfimfj, it 
iS|Jiot correct to insert (|57|) in (p6|). This was shown 
inEd generally in the case of the determination of fi 
through the equation —dfl/(dfi) = N/A. Here fi is the 
grand canonical potential ief the Chern-Simons system. 
We obtained in the papercil that one gets a correction 
to this equation if fi is calculated under the constraint 
B = 2ir(f)N/A. With the help of the derivations in this 
paper it is easy to see that the following equation results 
in the correct k%, 



2-1 \fvp : Kp 



(2tt) d 



U 



log[ — )n F (q,^(q)) 



dp, v = x l<\ 2m 



(* 



\ 2m 
(58) 



log 



(l-n F ( g ,Ef/(g))) 



T, f sc (q) . (53) Here U^i/fa) is S iven b y U Zi/^ : = UHF (^ ^ m ^) 



Here n F (q, S R J) is the fermi factor n^(q, E HF ) = 
l/(exp[/3( g 2 /(2m) + S H c F ( g )- Ai )] + l). Z{ c (q) is for c -> 
the finite part of the Hartree-Fock self energy calculated 
with the self consistent Hartree-Fock Green's function 
G HF (g» = -l/(tw - q 2 /(2m) - Y%(q) +jx). In the 
leading c order this self consistent equation is solved by 
(T = 0) 

Z™(q,k F ) = f ^log (jf) (2@(q-k F ) 1) 

(54) 

provided that the fermi momentum k F solves the follow- 
ing equation 



4> 2 tt?-r')Rr'-r") 



(k 



rL- fi + ^f(k F ,k F ) = Q 



2m 



(55) 



In order to fix k F , we do not have to calculate the finite 
part T,'(q,k F ) of the Hartree-Fock self energy. By us- 
ing the equation lim j3 J d 2 k n F (k) (1 — n F (k))F(k) = 



/3^oo 



/ d 2 k S(\k\ - k F ) F(k) we get that T, f (k* F , k* F ) is given by 
m d/i 



£'(*>,*» = ^-^-U^((k F ) 2 /(2m),B) 



{k F f 
2m 



FIG. 2. The self energy graph E c 



The self energy diagram S c is shown in figure 0. By 
closing the open ends of the self energy diagram by an in- 
teraction free Green's function we see that the resulting fi 
diagram is canceled under the condition B — (fimfj, with a 
diagram where this Green's function is replaced by a cou- 
pling to the external magnetic field B. Furthermore, we 
see from the figure that the momentum transfer to the 
external coupling is zero for an infinite system. Thus, 
we get difficulties in calculating this diagram (because 
lim 9 ^o f(q) — oo). We showed inEH that the correct way 
to calculate this diagram is to calculate the integrals of 
the diagram for a finite system taking at last the limit 
A — ► oo. By doing this we get 



(56) 



2c(«) = - 



1 (27T0) 2 

to (2tt) 4 



(59) 



U UF (n,B) is the Hartree-Fock energy of the Chern- 
Simons Hamiltonian (0) (containing the kinetic energy). 



q^O 



lim / d 2 k 1 d 2 k2n F (\ki — hz\)n F {\k2 — q\) 



A:i 



|fci| 2 kT 
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To calculate the double integral we expand npi\k2 — q\) 
for small q and T > 0. By carrying out the integration 
we get 



Ec(«) 



-0V 



(60) 



By inserting (f>l 
the help of (E5|) 



and 



(M 



2m 



in equation (pq) we get with 



(61) 



(1 



In the following, we will make a similar calculation ne- 
glecting E c (g) in (pq). We denote k* F by the fermi mo- 
mentum which is calculated through the equations ( pq ) 
and ( pq ) with £ c (fc) = 0. This fermi momentum is given 
by 



m 2 

2m 



/' 



(1 + I0 2 ) 



(62) 



Now we calculate the density of the system by us- 
ing the self-consistent Hartree-Fock Green's function. 
With the help of G™(q,LU,k* F ) = -l/(iuJ - q 2 /(2m) - 
T^l{q,k F ) + fi) we get for the electron density N/A — 
Y^ U j^lqG™c{'ii u >ik F )e lu ' TI (rj is an infinite small positive 
parameter) with /i = (2Tr)mN/A for the v = 1/2 sys- 
tem we get 1/2 of the electron density. In contrast to 
this the trace over the exact Green',s-|function is given 
by the electron density. In the papenHJ, we showed that 
— <9f2'(/i,oo)/(<9/j) = . n'(fi,f3) is the grand canonical 
potential of the v ~ 1/0 system which is calculated under 
the constraint B = (2ir(j))N/A. From this equation it is 
clear that ^ Y,q G "!(^ ", k F )e tuJV should be zero to be 
a good approximation. For the v — 1/2 system, we get 
for this expression with /i = (2ir)mN/A, 1/4 of the elec- 
tron density. Thus, we get the correct relation between 
the densities calculated with the help of the Hartree-Fock 
Green's function G^(q,uj,k F ) and G^(q,uj,k F ). When 
formulating a perturbation theory for the grand canoni- 
cal potential which uses the Hartree-Fock Green's func- 
tion as the mean field Green's function we have to use 
G"c(q,u),k F ) because (as discussed above) insertions of 
the self energy S c in ft diagrams are cancelled by B cou- 
pling diagrams. The formulation of this theory will be 
published in a later paper. 

Until now we did not take into account the Coulomb 
interaction. By this interaction we obtain in the Hartree- 
Fock approximation an additional Fock diagram includ- 
ing the Coulomb vertex. This Coulomb diagram is finite. 
Thus we get also in this case an asymptotic Green's func- 
tion of the form (ph). This is also in agreement with 
the results of subsection II E. At last, we have to men- 
tion that we obtain a difference for E c from the result of 
Sitko and JacakEj (they calculated S c = 0). The reason 
is that they did not take the limit A — > oo at the end of 
the calculation of S r . 



IV. CONCLUSION 



In this paper, we calculated the asymptotic form of the 
v = l/(f> Chern-Simons Green's function for an infinite 
area A non-perturbationally. This was done concretely 
for the Coulomb free v = l/<j> Chern-Simons theory. We 
obtain that the asymptotics of the Green's function be- 
haves as G(r, t) — e ^^ r ^ lo s( A ) . Due to the sign of r the 
function /(r, r) can be written as two different power ex- 
pansions in r. We calculated f(r, r) to the third order in 
r. Due to this calculation we get that f(r,r) results in 
a positive function. It would be interesting to see if this 
is also true considering higher powers of r. Next, we dis- 
cussed the asymptotic behaviour of the Green's function 
for the Chern-Simons theory taking into consideration 
the Coulomb interaction. We obtain (for temperature 
T > 0) the same asymptotics as for the Green's function 
of the Chern-Simons theory without Coulomb interac- 
tion (in this case f(r,r) depends also on the Coulomb 
coupling constant e 2 ). 

In section III, we examined the Green's function of 
the Chern-Simons theory in the Hartree-Fock approxi- 
mation as well as in the RPA without Coulomb interac- 
tion. We obtained that the asymptotics of the Hartree- 
Fock approximation of the Green's function behaves for 
f = and small r similar to the asymptotics of the exact 
one. Especially the prefactor of the log(A) term of the 
Hartree-Fock Green's function is the same as of the ex- 
act Green's function. Next, we calculated the asymptotic 
behaviour of the RPA Green's function. We showed that 
this Green's function is finite for A — > oo. This is not 
in correspondence with the exact Green's function. On 
the way to formulate a perturbation theory around the 
Hartree-Fock mean field, we examined the self consistent 
Hartree-Fock Green's function. We solved the self con- 
sistence equation in the leading 1/A order. We obtain a 
self consistent Hartree-Fock Green's function which be- 
haves similar to the Hartree-Fock Green's function with 
the difference that it has a different fermi momentum. 
We obtained that the density of the electrons calculated 
with the help of the self consistent Hartree-Fock Green's 
function is 1/2 of the exact density (for the v = 1/2 
system). Furthermore, we calculated the self consistent 
Green's function without one of the Hartree-Fock self en- 
ergy diagrams which is zero when inserted in f2 diagrams. 
The electron density which is calculated with the help of 
this Green's function is 1/4 of the exact electron dep. 
sity (for the v = 1/2 system). It was shown by us inEil 
that the electron density calculated with this truncated 
Green's function should be zero. At last we obtained that 
the asymptotics of the Green's function in the Hartree- 
Fock approxmation by taking into account the Coulomb 
interaction has the same form as the Green's function 
without Coulomb interaction. This is in accordance with 
the exact results of section II. 

By taking the asymptotics of the Green's function se- 
riously with respect to the principles of perturbational 
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many-body theory we now have two options to go fur- 
ther. First, we may establish a theory which integrates 
the log(.A) singularity by using the Hartree-Fock Green's 
function as the mean field, Green's function. This theory 
was formulated by us ir£3. It is our purpose to publish 
the results in a subsequent paper. Second, we may es- 
tablish, other formulations of the Chern-Simons theory 
(i.e.Erllil) in the hope to get a well behaved Green's func- 
tion. One may think that this_could be reached by the 
theory of Shankar and MuEtiryEl speculated earlier. This 
assumption is in contrast tol!3 where it was shown in RPA 
that one gets also a singular self energy in this theory (for 
temperature T = 0). 
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APPENDIX A: THE COMMUTATORS FOR THE 

CALCULATION OF THE CHERN-SIMONS 

GREEN'S FUNCTION 



(Al) 

We get the remaining terms of the form 
E % ,„ p+l£ll „, t UP + 0{l/p 2 ) of the cumulant expecta- 
tion value of the operator H^+i + Hn + i by dropping 
the first three terms in the above list and substituting 

Zjtt p ett £ •> 2~iu p ,u p +i€u jj* 



With the help of the equation i Ka j we get from (M) 
to order r 3 cumulant expectation values of the opera- 
tor H N+1 + H N+1 of the form E« p e« B 1 /p + 0{ Mv 2 ) 

and T, Up .u p+1 euo, k l /P + °( 1 /P 2 )- The terms of the fo ™ 
J2u eu - 1/-P + 0(l/p 2 ) are given by (we write down 
only these terms of the expectation value which scales 
as EV-P)- 



« 0jj? I [#4,1, [#0,1, #4,l]] 
U 0,k I [#0,1, #4,l] (#4,1 + #3) 
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